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Abstract. We give a detailed and partly original account of the 
microlocal characterization by Hormander of the global wave front 
set, as the set of phase space directions without rapid decay of 
the short-time Fourier transform. As an application we show the 
inclusion for the global wave front set 

WFia'^ix, D)u) C WF{u), u e a € Sl^^, 

where p denotes the Hormander symbol class of order zero and 
parameter values zero. 



0. Introduction 

The paper concerns the global wave front set of tempered distribu- 
tions on W^, introduced by Hormander in [S]. 

The global wave front set WF{u) C T*(M^) \ {0} of m G y{W^) 
consists of the complement of all directions in the phase space, such 
that there exists a symbol a in a Shubin class where a is nonchar- 
acteristic in the direction, and a^{x,D)u G Noncharacteristic 
in the direction zq G T*(R'^) \ {0} means that 

|a(^)|>e|zr, e>0, 

when z belongs to an open conic subset of T*{W^) \ {0} that contains 
zq, and 1 2; I is large. 

Hormander showed in [8] that (xo,^o) ^ WF{u) \ {0} if and only if 
the short-time Fourier transform with respect to a Gaussian window ip 

V^u{x,i) = ^(m<^(--x))(0, (a;,0 e 

where ^ is the Fourier transform, decays rapidly (polynomially) in a 
conical neighborhood of (xo,^o)- 

Hormander's proof of this microlocal characterization is brief and 
omits several details. In this paper we give a detailed proof of the 
characterization, and some generalizations and applications. 

The microlocal characterization of the global wave front set can be 
seen as an equality of two sets, and in the proof one shows that each set 
is included in the other. For one of the inclusions, we present an original 
proof using as a tool localization operators. The opposite inclusion is 
much more complicated to show, and here we present a proof that is 
based on Hormander's ideas in [8l Proposition 6.8]. Moreover we show 
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that the microlocal characterization does not depend on the Gaussian 
window function, and in fact any nonzero Schwartz function can be 
used window function. 

As an apphcation of the microlocal characterization we show the 
inclusion for the global wave front set 



(0.1) WF{a'"{x,D)u) CWF{u), uey{R'^), a e Si 



where 5*0 denotes the Hormander class of symbols on M^'', defined by 
the property that a derivative of any order is uniformly bounded, and 
where a'^{x, D) denotes the Weyl quantization. This inclusion is proved 
using time-frequency techniques, Sjostrand symbol classes, and results 
by Grochenig concerning the almost diagonalization in phase space 
for pseudodifferential operators with symbols in weighted Sjostrand 
classes. 

The paper is organized as follows. After the preliminary Section 
[H we treat conical cutoff functions and partitions of unity, and some 
inclusions for the global wave front set in Section [2l Some of these 
inclusions were originally proved by Hormander in [8j , but as a service 
to the reader we prefer to present a selfcontained account, rededucing 
some results. Section [3] treats the equality of the global wave front set 
and the set of phase space directions without rapid decay, and Section 
m treats the inclusion (10. ip . Finally, we make a brief comparison in 
Section[5]between the global wave front set and Coriasco and Maniccia's 
^-wave front set which is another type of global wave front set. 



The transpose of a matrix A is denoted A*, and the inverse transpose 
of A e GL(]R, d) is written A~\ An open ball in R*^ of radius S > 
centered at the origin is denoted = {x & M.'^ : \x\ < 6}, and the 
unit sphere in R"^ is denoted S^-i = {x G R*^ : |x| = 1}. The overline 
A denotes either the closure of a measurable set A C M'^, or as in / 
the complex conjugate of a function / on M'^, the choice being clear 
from the context. The Fourier transform of / G o$^(M'^) (the Schwartz 
space) is defined by 



where (x, ^) denotes the inner product on R''. The standard multi-index 
notation for partial differential operators is used, and D = {Di, . . . , Dd) 
where Dj = —id/dxj. We denote translation by T^fiij) = f{y — x), 
modulation by M^f{y) = e*^^'^^/(?/), x,y,^ G R'^, and phase space 
translation by n(^) = M^T^j., z = (x,^) G R^'^. Given a window func- 
tion if G ^^(R'^), the short-time Fourier transform (STFT) is defined 
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by 
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where (•, •) denotes the conjugate hnear action of 5^' on y ^ consistent 
with the inner product (■, Ol^- The cross- Wigner distribution of f,g E 
^(M'^) is defined by 



W{f,g){x,0= f{x + T/2) g{x-T/2)e-'<^'^UT, {x,0 e 



h2d 



We write W{f, f) = W{f), and denote (x) = (1 + Ix^Vs for x G R'^. 
We write f{x) < g{x) provided there exists C > such that f{x) < 
Cg{x) for all x in the domain of / and g. For s G M, the weighted 
Lebesgue space Lj(M'^) is defined by the norm = ||/(")^||li(R'')- 

A set A C R'^ is called conic if it is closed with respect to multipli- 
cation by all positive reals. 

Definition 1.1. For a G ^'(R"') the conic support conesupp(a) is the 
set of all X G R^ \ {0} such that any conic open set F^. containing x 
satisfies: 



supp(a) n Fa; is not compact in R . 

The symplectic group Sp((i, R) consists of all matrices A G GL(2(i, R) 
that satisfy 

a{Az, Az) = a{z, z'), z, z G R^^ 
where the symplectic form o is defined by 

a((x,0,(x',O) = (^',0-(^,O- 

We work with symbols in Shubin classes, introduced in [12] and defined 
as follows. 

Definition 1.2. For m G R, is the subspace of all / G C°°(R2'^) 
such that for every a, /3 G N'^ there exists a constant Cq, « > so that 



|a:afa(a;,OI<a,/3((a:,0) 



m-|a|-|/3| 



is satisfied for every (x, ^) G R^''. is a Frechet space with respect 
to seminorms defined by 

sup <9°afa(x,0 , (a,/3)GM2'^. 

(a;,^)eM2<i 

We have flmeiR^"' = ^^'^)- We denote G~ = UmeMG""- Let 
(%)j>o be a sequence of symbols such that G G™'^ and — )■ — oo as 
j — )■ -|-oo, and set m = maxj>o rrij. Then there exists a symbol a G G™, 
unique modulo ^(R^'^), such that 



n-\ 

I 



^ j>n 

j=0 



= max rrij 
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(cf. [T?( Proposition 23.1]). This is called an asymptotic expansion and 
denoted a ~ ^j>o'^i- The symbol a may be constructed as 

oo 

(1.1) a{z) = J2x{z/tj)aj{z) 

3=0 

where x e C'^{R'^'^) satisfies < x < 1, x{z) = for \z\ < 1/2, 
x{z) = 1 for kl ^ 1) and (tj) C M is a sufficiently rapidly increasing 
sequence of positive numbers. 

The Weyl quantization is the map from symbols to operators defined 

by 

a-{x,D)f{x) = {21,)-' jj^J^^-y^^^a fiv) dy 

for a e y(K^'^) and / G S^(W^). The latter conditions can be relaxed 
in various ways. In particular, if a G C" for m G M then a^{x,D) is 
continuous on ^{R'^), and extending by duality it follows that a"'(a;, D) 
is continuous on [12j. By the Schwartz kernel theorem, any 

continuous linear operator ^(R"') i— )■ J^'{W^) can be written a Weyl 
quantization for a unique a G t5^'(R^'^). The Weyl quantization can be 
expressed in terms of the cross- Wigner distribution as 
(1.2) 

{a'"{x,D)f,g) = {27r)-\a,W{g,f)), f,gey(R'), aey"(R''). 

The Weyl product # is the product on symbol pairs corresponding to 
operator composition: 

a'"{x,D)b'^{x,D) = (a#fe)"'(x,D). 

The Weyl product is a bilinear continuous map 

(1.3) # : X G" ^ G™+". 

We have the following asymptotic expansion for the Weyl product (cf. 
[T2l Theorem 23.6 and Problem 23.2]): 

(1.4) a#6(x, ~ E ^^§r 2"'""''"^^ D^dlhix, i). 

In a few places we need to consider the Kohn-Nirenberg quantiza- 
tion, defined by 

a{x, D)f{x) = (27r)-'^ / e^<-''«)a(x, 0/(0 di, aeG^, / G ^iW). 

Since any continuous linear operator ^(M'') i— ^'(R'^) has a unique 
Weyl symbol in ^'(M^"^) as well as a unique Kohn-Nirenberg symbol 
m ^'(R2^), a bijective mapping from the Kohn-Nirenberg symbol to 
the Weyl symbol, denoted T, can be defined for such operators. This 
means that 

(1.5) a{x,D) = {Ta)'^{x,D), 
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and if a G then also Ta e (cf. [121 Corollary 23.2]). Further- 
more we have the asymptotic expansions (cf. [121 Theorem 23.3]) 

(1.6) Ta{x,0-J2^_ f-^)' '^"^^(^,0, 

a>0 ■ ^ ^ 

(1.7) ^"V^'O f^)' ^D:d^^ix,o- 

Hormander introduced the following concepts in order to define 
a global type of wave front set as a conic subset of the phase space. 

Definition 1.3. Given a G G™, a point in the phase space zq G 
T*(]R^) \ {(0, 0)} is called non-characteristic for a provided there exists 
A,e>0 and an open conic set T C T*(M'^) \ {(0, 0)} such that Zq e T 
and 

(1.8) \a{z)\>e{z)"', zeT, \z\ > A. 

Remark 1.4. More precisely, Hormander's definition is the less restric- 
tive condition 

\a{tzo)\>et"', t>A. 

for some A,e > 0. 

For a G G"* we denote the characteristic set of a by char(a) and 
define it as the set of all (x,0 e T*(R'^) \ {(0,0)} such that (x,^) is 
not non-characteristic according to Definition 11.31 Note that 

conesupp(a) U char(a) = T*(M'^) \ {0}, a G G™. 

Definition 1.5. If -u G S^'CR.^) then WF{u) is the set of all phase space 
points (x,0 e T*(M^) \ {(0,0)} such that a e G"" and a'"{x,D)u G ^ 
implies that (x, ^) G char(a). 

Hence (0, 0) 7^ (x, ^) ^ lyF(M) if and only if there exists m G M and 
a G G*" such that a^{x, D)u G .5^ and (x, ^) ^ char (a). It follows from 
these definitions that WF{u) is closed and conic in T*(R'^) \ {(0,0)}. 

Remark 1.6. Note that the Kohn-Nirenberg quantization gives an equiv- 
alent definition in Definition 11.51 In fact, if there exists a G G™ such 
that a'^{x,D)u G and 7^ ^ char(a), then there exists an open 
conic set F C T*(R'^) \ {(0,0)} containing zq such that ([L8D holds for 
some e,A>0. From (11.71) we obtain T~^a = a + b where b G G"*"^, 
and therefore for z G F and |2;| > A, we have fore some G > 

\{T-^a){z)\ > \a{z)\ - \b{z)\ > £(2)™ - G(;z)™"^ 



e 
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provided \z\ > Ai for Ai > sufficiently large. Thus Zq ^ char(T ^a) 
and {T-^a){x, D)u = a"'(x, D)u G ^. 



To each linear symplectic map x ^ Sp((i, M) is associated a unitary 



operator on L^(M'^), determined up to a complex factor of modulus 



one, such that 

^'X 



1.9) U-^a'"{x,D)U^ = {aoxnx,D) 



for a G ^'(M^'^) (cf. [31E])- is an homeomorphism on and on J^'. 
According to [HI Proposition 2.2] the global wave front set is symplec- 
tically invariant as follows for u G ^^^'(IR'^). 

(1.10) (x, e WF{u) ^ x{x, e WF{U^u) Vx G Sp(rf, M), 
or, in short, WF{U^u) = xWF{u) for all x ^ Sp((i, M) and all u G 

2. Partitions of unity and basic inclusions for the global 

wave front set 

First we prove a lemma that shows that there exists functions in G'^ 
supported in a given open cone and equal to one on a smaller open 
cone. 



Lemma 2.1. Let F, F' C R'^ be two conic open sets such that T' fl 5^-1 C 
F. There exists a function x ^ C°°(]R'^) such that < x < 1; supp(x) ^ 
F, conesupp(x) ^ F, x(x) = 1 for s G F' and \x\ > 1, and 

sup(x)l"l|9"x(a;)| < +00 Va G N'^. 



Proof Let g G C,°°(M<^) satisfy < ^ < 1, supp ^ C T n {y : 1/2 < 
\y\ < 2} and g{x) = 1 for x G F' n : 1 < \y\ < v^}. Set 



X{x) = g 



'V2. 



X 



{x) 



Then we have 1 < \\/2x/ {x)\ < \/2 for |x| > 1, and therefore xi^) = 1 
when X G F' and |x| > 1. 

There exists e>0 such that supp(^) + 5^ C F. If x G (M.'^ \ {0}) \ F 
and y E then 

V^jx + y) 

— — = z + w 

{x + y) 

where z = V2x/{x + y) E (M'^ \ {0}) \ F and | w\ < 6 provided 6 > 
is sufficiently small. It follows that x(x + y) = g{z + w) = for all 
y E B^, which implies supp(x) ^ F. 
Let X G (M"^ \ {0}) \ F, and define 

r.= |yGM'^\{0}: ^G (M^\{0})\F + i?^/^|. 



Then is open, conic, and x G T^- Suppose y G and xiu) = 
g{V2y/{y)) ^ 0. Since y/\y\ = z + w where z G (M"^ \ {0}) \ T and 



\w 



< e/\/2, we have 



V2\y\ V2y ■/2\y\ , , ^ „. ^ r 

and since F is conic we obtain the contradiction z & T. From this 
argument we may conclude that xiv) = for all y ^T^, which implies 
conesupp(x) C F. 

It remains to estimate the derivatives. We have 

(2.1) d'^xix) = J2id^9){V2x{x)-')Y,Ca,p,,x^x)-^^^-^^^ 

(3<a 7 

where the sum over 7 is finite and Ca^p^-y € K. In fact, (12. ip can be 
verified by induction, starting from 

dx / N ^ d9_ ( d f y/2xk 
dxj ^ dxk \ (x) j dxj I (x) 

4t(f)(-^)^.-(^)-^t(ll)^<^>-' 

The estimate (12. ip yields 

|5"x(^)| <C„(a;)-H 

for some Cq, > 0, for all x G M'^. □ 

As a corollary we obtain conical partitions of unity: 

Corollary 2.2. Let F C T*{R'^) \ {(0,0)} be a closed come set, let 
Tj C T*(]R'^), 1 < j < k, be open conic sets, and suppose that 

k 

i=i 

Then there exists symbols < a^- G , 1 < j < k, such that supp{aj) C 
Tj, conesupp(aj) C F^ for I < j < k, Yl^=i — ^'^'^ 

k 

(2.2) ^a,(z) = l, 2;GF', \z\>l, 

where F C F' and V C T*(R'^) \ {(0, 0)} is open and conic. 
Proof. Set 

D = {ze^^'^ : 1/4 < 1^1 < 4}, 
D' = {ze M^'^ : 1/2 < \z\ < 2}. 
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Let < £ < 2 — -\/2 be chosen such that 

k 

rnD' + i?|,cUr,ni?. 

By [3 Theorem 1.4.5], there exist C C^°°(M2^) such that > 0, 

supp(7j C Fj n for I < j < k, and X]^=i5'j(-^) — ^ with equahty 
when z G F n + Set aj(z) = gj{V2z/{z)) for 1 < j < fc. By 
the proof of Lemma [2711 aj G supp(aj) C Tj and conesupp(aj) C Tj 
for 1 < J < fc. Set 

r = 1^ G M''' \ {0} : ^ e r + 52^/^1 . 

Then T' is conic, open and F C F'. 

Suppose z G F' and \z\ > 1. Then w := \/2z/{z) G F' fl D', thus 

= X + y with X G F and y G B^^- Hence 

1 ^ 11. ^ 
-<1 ^<x<H 

2 ' ' 72' 
and since 1 < |w| < -\/2 we obtain 

^ < |w| |x| < + £ < 2. 

We may conclude \w\x G F fl and |tf |y G B\^^ and therefore = 
|w|a;+ \w\y G FnZ^' + i?2d- Thus ^^=10^(2;) = Sj=i5'i(w^) = li which 
proves ([22]). □ 

Next we shall prove inclusions for the action of pseudodifferential 
operators on global wave front sets in terms of the conic support. We 
will need the following lemma. 

Lemma 2.3. //m G ^'(M"^), a G G"", d!^{x,D)u e ,y and zq ^ 
char(a), then there exists b G such thatb'^{x, D)u G y , h = b2m+b' 
where 62m > and b' G G^™'"^, and zq ^ char(6). 

Proof. The asymptotic expansion fll.4p gives a#a = |ap + 6' where 
b' G G2m-2_ ^ _ |^|2 ^ ^/ ^ (^2m^ r^j^^ assumptlou a'^(x,D)M G y 

gives D)m = 7i^{x, D)a^{x, D)u G y since a'"(x, maps y into 
itself continuously. The assumption zq ^ char(a) implies that there 
exists conic open set F C T*(M'^) \ {(0,0)} such that zq &V and such 
that (11. 8p is satisfied for some e, A > 0. Together with b' G this 
gives for 2; G F and > A 

16(^)1 > \a{z)\^ - \b'{z)\ > - C(z)2'"-' 

= e^{zy"'{l-e-^C{z)-^) 

for some C > 0, which shows that Zq ^ char (6). □ 
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The following result treats inclusion relations for global wave front 
sets with respect to the action of pseudodifferential operators with 
symbols in the Shubin classes. The first inclusion in f l2.3p is identical 
to [SI Proposition 2.5]; we give a proof here for completeness' sake. 

Proposition 2.4. If u e y{R'^) and a G then 

conesupp(a) 

(2.3) C WF{u) C WF{a"'{x,D)u) [j char(a). 

Proof. Suppose first that Zq ^ WF{a^{x, D)u) and Zq ^ char(a). 
Then there exists b G G", n G M, and an open conic set F containing 
zo such that b^{x, D) a^{x, D)u G 5^ and 

\a{z)\>e{z)"', zeV, \z\> A, 
\h{z)\>e{zY, zeV, \z\>A, 

for some e,A > 0. The asymptotic expansion (11. 4p gives 6#a = ba + c 
where c G G"^^""^. Therefore we have, provided z & T and 1^1 > A, 
for some G > 

\bM^)\ > \Kz)aiz)\-\ciz)\>e\zy^'^ {l + e-^C {z)-^) . 

By possibly augmenting A it follows that Zq ^ char(6#a). Thus zq ^ 
WF{u) which means that we have proved the third inclusion in (12.31) . 
The second inclusion is trivial, and it remains to prove the first inclu- 
sion. 

If 7^ Zo ^ conesupp(a) then there exists an open cone F contain- 
ing Zo such that K = supp(a) fl F is compact. By Lemma 12.11 we can 
choose b & such that supp(6) C F and zq ^ char (6). According to 
(II. 4p we have 6#a ~ X]j>o where supp(aj) C K for all j > 0. There- 
fore 6#a equals, modulo ^(M^'^), a symbol supported in K. Hence 
6#a G y{R'^'^) which implies b'^ix^D) a^[x,D)u G . This proves 
Zq ^ WF{a'^{x,D)u), and WF{a'"{x, D)u) C conesupp(a) follows. 

What remains is to prove the inclusion 

(2.4) WF{a'"{x,D)u) CWF{u). 

Suppose ^ Zq ^ WF{u), that is, there exists b E G"' where n G M 
such that Zq ^ char(6) and b^{x,D)u G S^. By Lemma [2.31 we may 
assume that b = bn + b' where &n > 0, 6' G G"^^ and 

bn{z)>e{zY, zGF, \z\>A 

for an open conic set F C T*{W'-) \ {(0,0)} such that zq G F, and for 
some £, A > 0. Let F' C T*(R'^)\{(0, 0)} be an open conic set such that 
Zq G F' and F' fl 5*2^-1 ^ F. Let x G G° be chosen according to Lemma 
12.11 with respect to F and F', that is, suppx ^ F, < x < 1, and 

X{z) = 1 for z G F' and 1^1 > 1. Set bQ^z) = x{z)b{z) + {l-xiz)) e{z)'' . 



10 L. RODINO AND P. WAHLBERG 

For z we have |&o(2;)| = whereas for 2; G F we have, for some 

C > 0, 

|6o(^)| = \x{z)hn{z) + (1 - xW) e{zr + h'{z)\ 
> xiz%{z) + (1 - xiz)) e{zr - \x{z) h\z)\ 

>e{zy-c{zy-^ 

provided \z\ > A\ for Ai > sufficiently large. This implies that 
60 £ -ffG"'" which denotes the set of hypoelliptic symbols in (cf. 
jl2[ Definition 25.1]). According to |T2l Theorem 25.1] there exists 
c e iJG^"''" such that c#6o = 1 + ri where ri e ^(M^'^). Let g^G^ 
be chosen with aid of Lemma 12.1^ satisfying < (7 < 1, suppt^ C F' 
and Zo ^ char((7). Set /i = (7#a#c G G^^'". Inserting c#6o = 1 + '"i, we 
have 

h^b = ^#a#c#5o + g#a#c#{h - bo) 

= 9#a + g#a#c#{b - bo) + ra 

where r2 G ^(M^'^). Since supp((7) fl supp(6 — bo) is compact, (11. 4p 
implies that g#a#c#{b - bo) G ^(M^'^). Therefore ^(#0 = h#b + rg 
where rg G ^(M^'i). From D)u G ^ it now follows that 

g'"{x, D) a"'(x, D)m = h'^ix, D) D)m + r^{x, D)u G ^. 

We have shown zo ^ VrF(a"'(x, D)u), concluding the proof of (12. 4p . □ 

Corollary 2.5. IfaeG"',ue ^'(M"^) and char(a) = 0, then 

WF{a'"{x,D)u) = WF{u). 

The following result gives a detailed proof of [SI Proposition 2.4], 
which is lacking in the reference. 

Proposition 2.6. If u G y{R'^), a G G"", and 

conesupp(a) fl WF{u) = 0, 

then a^{x,D)u G ^. 

Proof. The assumption and Proposition l2. 41 imply that WF{a^{x., D)u) = 
0. Thus for any zo G T*(M^) \ {(0, 0)} there exists b,^ G G^^o such that 
b'^^ix, D) a™(x, D)n G ^, and 

for some A,e > and for some conical open set Fj,q C T*{R'^) \ {(0, 0)} 
containing zo- From the compactness of 5*2^-1 we may conclude that 
there exists an integer n, > 0, symbols bj G G"^^ , conical open sets 
Tj C T*(M'^) \ {(0, 0)}, for 1 < j < n, and A, £ > such that 

\bj{z)\>e{z)"'J, zeTj, l<j<n, \z\ > A, 
(2.5) bj{x, D) a"'(x, D)u G ^ for 1 < j < n. 
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and 



Ur,=T*(M'^)\{(0,0)}. 



By Lemma 12.31 and its proof we may assume that bj = + b'j where 



(2.6) > z e Tj, l<j<n, \z\ > A, 



and b'j G G"^^ ^ for 1 < j < n. Corollary 12.21 implies that there exists 
a partition of unity 



J2xj{z) = l, zeR'"', \z\>l, 



such that Xj ^ ^iid supp(xj) ^ Tj for I < j < n. We set m = 
maxi<j<„(mj) and define the symbol 



Then ([L3]) implies beG"^. 

Since {xj#{-)"^~"^^)'^{x, D) maps into ^ continuously, it follows 
from 023]) that D) a'"(x, D)u G ^. By f O]) . 
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where b G G™" ^. Consequently we have, using b'j G G™-' ^ and (12. 6p . 
for some C > and for \z\ > max(l, A,2C b~^), 



Y,xA^) {^)"' {hA^) + &;(^)) 



> 



> 



n n 

j=i i=i 

n n 
n n 



6(z 



= e{zr'Y.^,{z) {l-Ce-'{z)-^) 

Hence 6 is a hypoeUiptic symbol that belongs to the symbol class 
HG""'"". By [la Theorem 25.1] there exists a symbol c G HG-""'-"" 
such that c#6 = 1 + r where r G ^(M^'^). Since c'"(c, D) maps into 
^ continuously and b'^{x, D) a^{x, D)u G ^ we obtain 

a"'(x, D)m + r"'(x, D) a"'(x, D)m = (1 + r)"'(a;, D) a'"{x, D)u 

= {c#hY{x,D)a'"{x,D)u 
= c^(x, D) b'^ix, D) a"'(x, D)u G ^. 

Finally a'^{x,D)u G =y follows from the observation that r^{x,D) 
maps S^' into continuously. □ 

Corollary 2.7. Let m G y{R'^). Then WF{u) = % if and only if 



Proof. If WF{u) = then by Proposition 12.61 a^(x. D)u G y for any 
a G in particular a = 1 which gives u G =5^. On the other hand, if 
u G ^(M'^) then a'"(a;, D)u G =5^ for any a G Since we may choose 
a such that z ^ char(a) for any given z G T*(M'^) \ {(0,0)}, it follows 
that WF{u) =0. □ 

3. Rapid decay of the short- time Fourier transform in a 

CONE 

First we introduce a new global wave front set. 
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Definition 3.1. If m G y{W^) and ip e ^(M.'^) \ {0} then for zq G 
T*(M.'^) \ {(0, 0)} we say that Zq ^ WF'{u) if there exists an open conic 
set C T*{R'^) \ {(0,0)} containing zo such that 

sup {z)^\V^u{z)\ < oo ViV>0. 

It follows that WF'{u) is a closed conic subset of T*(R'^) \ {(0, 0)}. 

The main goal of this section is to show WF'{u) = WF{u) for u G 
^'(R"^). First we shall prove some preparatory results, then we show 
the inclusion WF{u) C WF'{u), and after that we give a detailed 
account of Hormander's proof of W F' (u) C WF{u) (cf. ^ Proposition 
6.8]). 

Proposition 3.2. Suppose f is a measurable function on M'' that sat- 
isfies 

(3.1) \fix)\<{x)^', xeR^ 

for some M > 0, suppose Xq G M'^ \ {0}, and suppose there exists an 
open conic set V <ZW^\ {0} containing xq such that 

(3.2) sup(x)^|/(x)| < cx) ViV>0. 
Let 

(3.3) ge\^L\{R'). 

s>0 

Then there exists an open conic set F' C F such that xq G F' and 

(3.4) sup(x)^|/*^(x)| < cx) ViV>0. 

Proof. We have 

\f*9{x)\< \f{x-y)\\g{y)\dy+ \f{x-y)\\g{y)\dy. 

V ' V ' 

:=/l :=/2 

Let F' be an open conic set such that xq G F' and F' fl Sd-i C F. 
Consider Ji. Since (y) < {x)^/"^ we have {x — y)/\x\ G F if a; G F' and 
\x\ > A for some A > 0. Thus a; — yGFifa;GF' and |x| > A. Let 
iV > be arbitrary. The assumptions fl3.2p and (13.31) give 

, , h< [ {x-y)-''\giy)\dy<{x)-'^ [ {yf\g{y)\dy 

(3.5) J{y)<{xV/^ ^K'* 

<(a;)-^, XGF', 



provided (x) is sufficiently large. 
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Next we estimate I2 for > using f l3.ip : 

h< I {x-y)''\g{y)\dy 



< 



(3.6) 



(x)'' / {y)''\9{y)\dy 

J{y)>{xy/2 



again using (13. Sp . Combination of (13. 5p and (13.61) proves (13.41) . □ 

The following corollary says that the condition of rapid decay of the 
STFT in an open cone in the phase space, containing a given nonzero 
vector, does not depend on the window function taken in \ {0}. 

Corollary 3.3. Let u E ^'(R"'), cp G ^(M°') \ {0} and zq G T*{R'^) \ 
{0}. Suppose there exists an open conic set T C T*(R'^) \ {(0,0)} 
containing zq such that 

(3.7) sup{z)^ \V^u{z)\ < 00 VN>0. 

Then there exists an open conic set F' C F such that Zq G F' and, for 
any G \ {0}, 

snp{z)^ \V^u{z)\ < 00 ViV>0. 
zer' 

Proof. By [H, Lemma 11.3.3] we have for z G M^'^ 

\VM^)\ < MJ Ku\ * \v^ip\{z), ij G \ {0}, 

and by lU Theorem 11.2.3] we have for some M > 

\VM^)\<{z)^, zeR'". 

Since 

V^y^ G y{R^'') C p|L^(M2rf)^ 

s>0 

the result follows from Proposition 13. 2[ □ 
By Corollary 13.31 WF'{u) does not depend on the window function 

ipey\{0}. 

Next we show the easier half of WF'{u) = WF{u). 
Theorem 3.4. Ifue y{M.'^) then 

WF{u) C WF'{u). 
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Proof. We prove the result by showing that ^ zq ^ WF'{u) imphes 
Zq ^ WF{u). Let 'ijj{x) = exp(— |xp/2) for x G W^, which gives the 
Wigner distribution 

W{^){z) = {AnY^^exp {-\z\^) , z G M'^. 

There exists an open conic set F C T*(]R'^) \ {(0, 0)} such that zq ^ T 
and 

(3.8) snp{z)^ \V^u{z)\ < oo ViV > 0. 

Let a^{x,D) be the locahzation operator [1] 

a'"{x,D)u{x) = / b{z) V^u{z) U{z)iIj{x) dz 

defined by the symbol b and the window function ip. Then (cf. [1] 
and [H Theorem 24.1]) 

a = b*W{ilj). 

Let F' C r be an open conic set such that Zq G F', F' fl 5*2^-1 ^ F. 
Let 6 G be chosen by means of Lemma 12. ![ such that < 6 < 1, 
suppfe C F, and b{z) = 1 when ^ G F' and 1^1 > 1. Then a G C°°(R2'^) 
and we have for any a G N'^ 

\d"a{z)\< [ \d''b{z-u)\W{ij){u) du 
< C„ / W{^){u) du 

<C„(z)-l"l / (M)l"lexp du. 

It follows that a e G^. 

Let F" C F' be an open conic set such that Zq G F", F" fl 5*2^-1 C F'. 
Then there exists 6 > such that z — u/t G F' provided z G F", \z\ = 1, 
|m| < 6 and t >1. Moreover, |z — m| > — 5 > 1 provided \u\ < 6 and 
\z\ > 1 + 5. These observations give for z G F" and \z\ > 1 + S 

\a{z)\ = I b{z-u) W{ip){u) du 

>[ b{\z\{z/\z\-u/\z\)) W{ij){u) du 

J\u\<S 

= I W{i)){u) du > 0. 

J\u\<S 

Thus Zo ^ char (a). 

Finally we prove that a^{x,D)u G y. Using supp b <ZT, b < 1, the 
assumption (13. 8p and ip G we estimate a Schwartz space seminorm 
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of a^{x, D)u as follows: 



x^d''a'"{x,D)u{x)\< jj \V^u{t,i)\\x^d'^{M{rtip){x)\dt di 




for some Ca^p < oo, for all x G M'^. Since a, P G N'^ are arbitrary, it 
follows that a^{x, D)u G . Now we have proved that there exists a G 
such that a^{x,D)u G y and zq ^ char(a), i.e. zq ^ lyF(u). □ 

Next we deduce a series of lemmas that are needed in order to prove 
the inclusion opposite to Theorem 13. 4[ By and large we follow the ideas 
in [S], with a slightly different emphasis, and we supply the missing 
details. 

Lemma 3.5. If u e ^'(M^) and ^ zq e T*{M.'^) \ WF{u) then there 
exists a finite set of vectors {wj)'j^i C T*(M.'^) \ {(0,0)} such that 

{zo,Wj) < for I < j < k, and 
{z,Wj) <0 for 1 <j <k =^ z ^ WF{u). 

Proof We may assume \z\ = \zo\ = 1. Since WF{u) is closed, there 
exists < 5 < 1 such that zq + C (T*(M^) \ {(0, 0)}) \ WF{u). We 
define 

So = (^^^ : H < 4 ^ \ WF{u), 

{\zo + w\ J 

and for w G S2d-i we define the hemisphere = {z ^ S2d~i '■ {z, w) > 
0} C S2d-i- Then is open in S2d-i, for any w G 5*2^-1. We have 

(3.9) S2d-i\So C U S^. 

In fact, if 2; G S'2d_i\ 5*0 then l^;— ;zo| > 5 which implies 5^/2 < 1 — {z,zq). 
If w = {z — zq)/\z ~ zq\ then {w,z) > 6'^ / {2\z — zo\) > 0, that is z E S^,, 
and {w,zo) < -6'^/{2\z - zo\) < 0, which proves fl3^ . 

Since 5*2^-1 \S'o is compact in 5*2^-1, there exists a finite set {wj)'^^-^ C 
5*2^-1 such that {wj, zq) < for 1 < j < k and 

k 

S2d-1 \ So <^\^ Suij. 



17 

Hence 

k 

f]{S2d-i \S^^)CSoC S^d-i \ WF{u) 
i=i 

which shows that {z, Wj) < for 1 < j < k imphes z ^ WF{u). □ 

In the remainder of the paper we use the notation 

H = {z e M.'^'^ : zi> 0} 

for the halfplane of M.'^'^ that has positive first coordinate. 

Lemma 3.6. Suppose u e y(E.'^), w G T*{R'^) \ {(0,0)}, 

WF{u) CH^ = {ze M.^'^ : {z,w) > 0} 

and zq ^ Hw Then there exists x ^ Sp((i, M) and a corresponding 
operator U^^ that satisfies fll.Qp . such that xHw = H , 

WF{U^u) C H, x^o i H- 

Proof. Set w = (x, ^) with x, ,^ G W^. We have either x 7^ or ,^ 7^ 0. 

If a; 7^ there exists A G GL(d, M) such that Ax = ei = (1, 0, ■ ■ ■ , 0) G 
W^. Let C G R'^^'^ be a symmetric matrix the first column of which 
equals —A^^^. We define 

-t_( I A 0\ 

^ \C I )\Q A-' )■ 

Then x~\x^ Sp((i,M) (cf. [21 Chapter 4.1]), and 

If instead x = then ^ 7^ and we pick A G GL((i, M) such that 
= -ei. We set 

which gives again = (ei, 0). Hence, in both cases we have 

xH^ = {xzeR'"': {z,w)>0} 

= {ze M^"^ : {z,x~'w) >0} = H. 

The result now follows from fll.lOp . □ 

Lemma 3.7. Suppose u G ^'(R"') and ip G y{W^) \ {0}. Let x e 
Sp((i, R) and let be a corresponding operator that satisfies (11. 9p . 
Then 

Ku{z)\ = \Vu,^{U^u){xz)\ , zeR'"'. 
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Proof. For x, ^ G M'^, we define the symbol 

For f,g G y we then have (a^^^(x, D)/, (7) = {M^T^f,g), that is 
a^(x,L') = U{z) for ;z G M^'^. We note that a^,g ^ instead 
a^^5 G 5*0 which denotes a particular Hormander symbol class, defined 
by a G S^^q if a e C°°(R'^'^) and G ^^(M^"!) for all a G N^"' (cf. [3] 
and 13 Chapter 18]). By [3], Theorem 2.21] a^^^{x,D) is a continuous 
map on 

It follows from (Ol) that 



[/-^n(x^)[/^ = (a^,oxr(x,Z}). 
By [21 Proposition 4.1] we have 

X = ( ^ D ) eSpKM), 
where A, B,C,D e R'^'"^, if and only if 

(3.10) A^C = C^A, B^D = D*B and A^D - C^B = I. 
With z = (x, ^) we obtain by means of (13.101) 

^ ^i/2((Ax,Cx)+(B^,D0 + {x,iA'D+C'^B)0) 
^ ^i({x,(C'B-A'D)r,) + {UD'A-B'C)y)) 
^ gi/2{(Aa;,Cx>+(iJ5,DO+2(Cx,BO+(^,0) gi(«,y>-(^,'y» 
^ gi/2((Ax,Cx>+(BC,DO+2(Cx,BO)a^ ^(^^ 

and hence (a^, o x)"'(a;,£') = e^/2((^^.c^^>+(s?.^50+2(Cx,i?0)n(x, 0. This 



gives finally for z G M^*^ 
)| = 

\{u,Il{z)^)\ = \V^u{z 



VuAUx^)(xz)\ = \{U^u,U{xz)UxV)\ = \{u,U-'U{xz)U^v)\ 



□ 



Lemma 3.8. //F C {a; G M*^ \ {0} : Xi > 0} is dosed and conic and 
X = {xi, x'), Xi G M, x' G M'^^^, then there exists C > such that 

(3.11) F C {x G M'^ \ {0} : \x'\ < Cxi}. 

Proof. Suppose (13.111) is not true for any C > 0. Then there exists a 
sequence (x„)„ C F, x„ = (x„,i,x'„), |x„| = 1, such that |x'„|/x„,i > n 
for all n G N. It follows that Xn,i — ?■ as n — )■ 00, and the compactness 
of the unit sphere in M*^ gives — )■ (0, x') for a subsequence (x„^.)j C 
(x„)„, and some x' G R"'^-'^ with \x'\ = 1. The closedness of F gives 
(0, x') G F which contradicts the assumption and therefore proves that 
(13JT|1 holds for some C > 0. □ 
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Lemma 3.9. Let m e R and a G G™, let T C M^d y jg} an open 
conic set such that conesupp(a) C T, and let T be the map fll.Sp from 
Kohn-Nirenberg symbols to Weyl symbols. Then there exists h G G"" 
and r G ^(M^'^) such that Ta = b + r and 

(3.12) conesupp(6) C T. 

Proof. Let F' C R^'^\{0} be an open conic set such that conesupp(a) C 
r' and F' fl S2d-i ^ L. Pick by means of Lemma [2.11 y G G"^ such that 
supp(x) ^ F, conesupp(x) ^ F, and x{^) = 1 for ^ G F' and \z\ > 1. 

For each w G S2d-i \ L' there exists an open conic set F^ containing 
w such that F^ fl supp(a) is compact. Since S'2d-i\F' is compact, there 
exists a finite set (wj)^^-^ C S2d-i \ L' such that 

k 

(m2'^\{o})\f'cUf^^., 

and it follows that ((M^'^ \ {0}) \ F') fl supp(a) is compact. From this 
argument we may conclude that supp(a(l — x)) is compact. From fll.6p 
and f 1 1.11) it thus follows that 

T(a(l - x)) = ro + ri 

where ro G G"", ri G ^(M^"') and supp(ro) is compact. It follows that 
ro G ^(M^^) and T(a(l - x)) e ^(R^^). 

If z G (R2''\{0})\F then there exists an open conic set F^ C R2'^\{0} 
such that z G Fj, and = T^n supp(x) is compact. Again by (11. 6p 
and f lTT]) . we have T{ax) = fe + ra where rs G =5^(R2'^), b G and 
F^ nsupp(6) C Kz, and therefore z ^ conesupp(6). This proves (I3.12p . 
To finish the proof, it suffices to observe 

Ta = Tiail-x)) + T{ax) = b + r 

where r = ro + ri + r2 G ^(R^*^). □ 

Lemma 3.10. If u e y(R'^) and WF{u) C H then u G G°°(R'^), 
there exists k > such that 

(3.13) sup(a;)-'^-l"l |9"u(a;)| < oo, a G 

and there exists v G J^{M.'^) such that 

(3.14) conesupp(M - v) C {x G R'^ \ {0} : Xi > 0}. 

Proof. According to Lemma 13.81 there exists Ci > such that 

WF{u) C{z= {zuz') G R^'^ \ {0} : 2i G R, / G R^^"\ \z'\ < Ci^i}. 

Thus Fl = G R^'' \ {0} : \z'\ > CiZi} is open, conic, and Fi fl 
WF{u) = 0. By a similar argument there exists C2 > such that 

(3.15) WF{u) C {(x,0 G R^"^ \ {0} : x,e G R^ 1^1 < C2\x\}. 
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In fact, assume that (13.151) is not true for any C2 > 0. Then there exists 
a sequence (zn) C WF{u), \zn\ = 1, z„ = (x„,^„) such that |^„| > n|x„| 
for n G N. Thus x„ — )■ 0, and as in the proof of Lemma [3.81 we obtain 
(0,0 e WF{u) for some ^ e M'^ with |^| = 1. This contradicts the 
assumption WF{u) C H, and proves (13.151) . We conclude that r2 = 
{{x,0 e M^'^ \ {0} : 1^1 > C2\x\} is open, conic, and n WF{u) = 0. 
Let C[ > Ci and > C2, and define 

r = {z = (zi, z') e R'" \ {0} : \z'\ > C[z,} U {(x, e M^'^ \ {0} : 1^1 > C',\x\} 

criur2:=r. 

Then L, L' C M^d \ jg} are open and conic, PTT^S^ C L, and T n 
H^F(m) = 0. By Lemma [5?T] there exists G such that supp(ao) C 
r, conesupp(ao) C F and a^i^z) = 1 for z G F' and \z\ > 1. 

Considering oq as a Kohn-Nirenberg symbol and switching to the 
Weyl calculus, by Lemma 13.91 we have Tao = b + r where b & G^, 
conesupp(6) C F and r G ^(M^'i). Thus 

conesupp(6) n WF{u) C F n WF{u) = 0, 

and Proposition 12.61 gives b'^{x,D)u G Since r^{x,D)u E y it fol- 
lows that V := ao{x, D)u = (Tao)"'(x, D)u = b'"{x, D)u + r'"(x, !))« G 
^(R*^). We have m — f = ai(a;, D)u where ai = 1 — ao G G^. 

Since u G ^'(M'^), there exists by pi Theorem V.IO] > 0, /3 G N'^ 
and a continuous function (yf such that \g{i)\ < (0" for ^ ^ I^"^; cind 
u = d^g. Thus, since ai(x,^) = if |^| > Cgjxl and \z\ > 1, we have 

(3.16) {u-v){x) = (27r)-'^(-l)l^l / ^?(0 (e^<^'«> ai(x, 0) 
where 

It follows that u — V E C°°(M°'), and we may estimate 

\d-{u-v){x)\< [ 1^7(01 
Jn 

Since f G S^{M.'^) we have proved (13.131) with k = n + d + \(3\. 

Finally, suppose x = {xi,x') G M'' \ {0}, x' G R'^"-'^ and Xi < 0. 
Define F^ = {{yi,y') e R'^ \ {0} : \y'\ > C[yi}. Then F^ contains 
X and is open and conic. If y E then (y,^) G F'^ = {{yi,y',^) G 
R2'^ \ {0} : \{y',0\ > C[yi} for any ^ G R^. Since ai{y,^) = when 
(?/,0 e r; and |(|/,0I > 1, it follows from (KWf that {u -v){y) = 
if ?/ G Fj,. and ||/| > 1. It follows that supp(M — f ) fl F^ C B^, which 
proves dsn]). □ 
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We are now in a position to prove the announced converse inclusion 
to Theorem 13.41 

Theorem 3.11. If u e ^'(M'^) then 

WF'{u) C WF{u). 
Proof. Let ^ zq ^ WF{u). By Lemma [3.51 we have 

k k 

WF{u) C [jHj and zq ^[jHj, 

j=i j=i 

where the open halfplanes Hj are defined hj Hj = {z E M.'^'^ : {z,Wj) > 
0} for some Wj G M^'^\{0}, for 1 < j < k. By Corollary 12. 21 there exists 
symbols Oj G such that conesupp(aj) C Hj for 1 < j < k, and 

k 

^aj{z) = l, zeT, \z\>l, 
i=i 

where T C M."^^ \ {0} is open, conic such that WF{u) C T. With uj = 
aJ(x,D)u it follows from Proposition 12.41 that we have WF{uj) C Hj 

for 1 < j < k. Moreover, since u — Yl^=i '^j — D)u where 

k 

a{z) = 1 — ^^aj(z) =0, z G r, \z\ > 1, 
i=i 

it follows that conesupp(a) fl F = 0, and hence Proposition 12.61 gives 
u — Yl'j=i % ^ To prove the theorem, it thus suffices to show that 
for each 1 < j < k there exists a conic neig hborhood C R^*^ \ {0} 
containing zq such that 

sup {z)^\V^Uj{z)\ <oo ViV > 0, 

where (p G J>^{M.'^) \ {0}. By Lemmas 13.61 and 13 . 7[ the proof is complete 

if we can show the implication: 

(3.17) 

If M G ^'(R'^), ip G yiW^) \ {0}, WF{u) CH and O^zq^H, 
then there exists a conic neighborhood T^^ containing zq such that 
snp {z)^\V^u{z)\ <oo yN>0. 

By Corollary 13.31 we may use the Gaussian window function <f{x) = 
g-|a:|V2_ Assuming u G J^'(R'^), WF{u) C H and zq ^ H, there exists 
according to Lemma (3.101 v G ^{M.'^) such that (13. lip holds. Writing 
y = {yi,y') with yi G R and y' G R'^^^, there exists by Lemma 13.81 
C > such that 

conesupp(M -v) C {y eW^\ {0} : \y'\ < Cyi}. 
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Writing z = — ^ — G C'', integration by parts and Lemma [3.1UI give 
for any a; G N*^ 



/ ^i{z,y)-\x\y2-\y\y2^ 



u-v){y) dy 



< 



d^(e-\y\'/\u-v){y) 



,{x,y)-\x\'/2 



\y'\>Cyi 



dy 



■■=h 

'\y'\<Cyi 

' V ' 

:=/2 

First we estimate the integral Ji. Denoting F = {?/ G M'^ \ {0} : \y'\ > 
Cyi}, it is clear that F is a closed conic set such that 

F C (M^ \ {0}) \ conesupp(M - v). 

Thus each ?/ G F has an open conic neighborhood F^, containing y such 
that Ky = Ty n supp(m — v) is compact. Since F fl Sd-i is compact, 
and 

F n Sd-i c U F^, 

yernSa-i 



it follows that we have 



for some finite set C F fl Sd-i- Therefore 



F n supp(m - f ) C (J Ky., 

3=1 

and we conclude that F fl supp(M — v) C Bf for some R > 0. The 
integral Ji can therefore be estimated as 

f ^{x,y)-\x\y2-\y\y2^y^k+\a\^y 

J rnsupp(M— 1)) 

< ^R\x\-\x\^/2 < 
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Next we estimate the integral J2. Provided Xi < we have 



f Q^iyi+{^',y')-\^\y'i-\y\y'i(^y^k+\a\ 



J\y'\<Cyi 



poo p 
Jo J\y'\<Cyi 

POD 




i=l \a\<N 



for some constants Cq > 0, we may conclude that 



sup / e-'^^'y^-\''-y\'/\u-v){y)dy 



(3.18) = sup {{x,OrK{u-v){x,0\<oo 



(x,OeIR2d:xi<0 



for any N e N. Since = (^0,1, ^0) ^ ^5 ^0,1 e M, G M^'^"^ we 
have 2:0,1 < and there exists e > such that 2:0,1 < — ^l^ol- Therefore 
Zq e ■= {z = {zi,z') e R'^'^ \ {0} : zi < -e\z'\} which is an 
open conic set contained in {z = {zi,z') G M^'^ : Zi < 0}. Finally, 
since v G ^(R'^) we have sup^gjR2d(2;)^ |V"^t>(2;)| < 00 for all > 
(cf. [H Theorem 11.2.5]). This fact combined with f l3.18p proves the 
implication fl3.17p . □ 

Corollary 3.12. If u G y'iR'^) then WF'{u) = WF{u). 

The corollary motivates the abolition of the notation WF'{u) in the 
rest of the paper. 

4. A WAVE FRONT SET INCLUSION FOR SYMBOLS IN Sqq 

In this section we discuss the Hormander symbol class 5*0 0; which 



consists of all functions a G C'=°{R'^'^) such that G L'^{R'^'^) for all 
a G N^'^ (cf. [3]). 

Theorem 4.1. If a e S^^^ ^ ^ ^'(M'^) then 



where vn is the weight V]\f{x,^) = {^)^ for x, ^ G M^*^, and M^'^ = 
M^'^(]R^'^) denotes a weighted modulation space [4j. The weighted 
modulation space M^'^(R^'^) is also known as a weighted version of 



WF{a'^{x,D)u) C WF{u). 




N>0 
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Sjostrand's symbol class (SKinilll]. The space M^'^(]R^'^) has a norm 
that is defined by means of the STFT according to 



[ sup Ka{x,0\ iO^'d^ 



where ^ e ^(M^^) \ {0}. 

Let if G ^{Mf^) and Hv^Hl^ = 1- Then we have by Corollary 
11.2.7] 

{u,g)= [ VMw){U{w)ip,g)dw, g e ^iR"). 



Denoting the formal adjoint of a'^{x,D) by a^{x,D)*, this gives for 



V^{a'"{x,D)u){z) = {a'"{x,D)u,U{z)^) 
= {u,a'"{x,D)*U{z)ip) 



V^u{w) Ol{w)ip, a"'(x, DyU{z)ip) dw 
V^u{w) (a"'(x, D) U{w)ip, n{z)ip) dw 
V^u{z - w) {a'^ix, D) n(z - w)^, T^{z)^) dw. 



By fHTTjl and [3 Theorem 3.2], for any s > there exists G LliM?'^) 
such that 

I {a!"{x, D) U{z - w)v, Tl{z)^) \ < g^iw), z,w e M^'^. 
With g{w) = sup2g|52d |(a™(x,D) 11(2; — w)ip,Il{z)(p)\ we thus have 

gef]Ll{R"^), 

s>0 

and 

(4.2) \V^{a'"{x,D)u){z)\<\V^u\*g{z), z eR'"''. 

If ^ ;zo e (T*(R'^) \ {(0, 0)}) \ WF{u) then there exists an open conic 
set r C T*(M'^) \ {(0, 0)} containing zq such that 

sup{z)^\V^u{z)\ <oo VAT > 0. 
zGr 

By [U Theorem 11.2.3] we have for some M > 

\VMz)\<{zf', zeM'". 

It now follows from (14. 2 p and Proposition 13.21 that there exists an open 
conic set F' C F containing zq such that 

sup{z)^\V^a'"{x,D)u{z)\ < oo ViV > 0, 
zer' 

which proves that Zq ^ WF{a'^{x, D)u). □ 
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Since modulation and translation are invertible operators with sym- 
bol in Sqq, the result gives the following consequence. 

Corollary 4.2. IfuE y{R'^) and w G M^"' then 

WF{U{w)u) = WF{u). 

5. Comparison with the .Y-wave front set 

Coriasco and Maniccia [2J studies another type of global wave front 
set called the ^-wave front set and adapted to the SG pseudodifferen- 
tial calculus. 

To define the .5^- wave front set WFy{u) we need some concepts 
from [2]. For xq G M'^, we denoted by (f^o ^ nonnegative function in 
C^{R'^) that equals one in a neighborhood of Xq. For ^ {0}, we 
denote by V'^g a nonnegative function in C°°(M'^) supported in a conic 
open set F C M'^ \ {0} containing ^q, such that ip^^iO = 1 when C, ET' 
and 1^1 > 1 for a conic open set F' C F, and V^golO = for ^ G 5^ for 
some e > 0. 

Definition 5.1. Let u G y{R'^). 

(1) If (xo,^o) G X (R'^ \ {0}) we say that (xc^o) ^ WF,^{u) if 
there exist ipx^ and ip^o such that ■ip^f^{D){ipxgU) G c5^; 

(2) If (xc^o) e (R'^ \ {0}) X R"' we say that (xc^o) ^ WFe{u) if 
there exist ip^o and ip^^ such that G =5^; 

(3) If (xo,eo) e (M^{0})x(R'^\{0}) wesaythat {xo,^o) i WF^^u) 
if there exist V'xo ciiid V'^g such that ip(oi^)i'^xou) G c5^. 

Remark 5.2. Item (1) of Definition 15 . 1 1 is the definition of the ordinary 
Hormander wave front set (cf. [3, Chapter 8]). 

The o5^-wave front set WFy{u) is defined as follows [2]. 

Definition 5.3. Let u G ^'(M^) and (xo,^o) e R^^ \ {(0,0)}. Then 
(3^05^0) ^ WFy{u) if one of the following conditions is satisfied: 

(xo,eo)e(K'\{0})x(R'^\{0}) and {xo^^o) F.^{u) UW F,{u) UW F^,{u), 
{xo.io) e {0} X (R'^ \ {0}) and (3:0,^0) ^ WF^{u), or 
(xo,eo) G (M''\{0}) X {0} and {xo,^o) ^ WF^iu). 

According to [21 Theorem 3.8] we have WFy{u) = if and only if 
u G similarly to the corresponding result for WF{u) (cf. Corollary 
Oand [8, Proposition 2.4]). 

Example 5.4. Let u = 5^^ e y{W^) where xq G R"*. Then by [21 
Example 2.5] 

(5.1) WFyiS,,) = WF^{5x^) = {xo} X (R'^ \ {0}). 
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In order to determine WF{6xo), we may assume that Xq = by 
Corollary 1121 The STFT of Sq is 

where cp G ^(M"^) \ {0}. Hence \V^5o{0,t^)\ = \ip{0)\ for any ^ G 
and t > 0, and if we assume ip{0) 7^ it follows that 

{0} X (M'^\ {0}) C WF{6o). 

Let on the other hand (1/0,^0) e R^*^ \ {(0,0)} satisfy yo ^ 0. Then 
(l/O) ^0) ^ r where the conic open set T C R^'' \ {(0, 0)} is defined by 

r = {(x,OeR^'^\{(o,o)}: \x\>cm 

for some C > 0. We have for (x, ^) G F and > 

sup {(x,^))'^ \V^6oix,^)\ < snp{x)'^\(p{-x)\ < 00, 

and therefore {yQ,C,o) 4- W^-^(^o)- We conclude that 

(5.2) WF[bx,) = WF{6o) = {0} x {R'' \ {0}). 

Comparing fl5.2p with (15 .ip we may draw the following two conclusions. 
There are no general inclusion relations between WF{u) and WF,y[u) 
for u G and in this example WFy[u) gives finer information than 
WF{u). 

Example 5.5. Here we compute WF[1). According to [4|, Proposition 
4.3.2] we have 

Wigj)ix,0 = {2nYW{gJ){-^,x), f,g G ^(M^). 
This gives for f,g e ^(R"') and a G y{R'^'^), using fOD . 

{{2nr'/'jF-'a^{x,D){2n)-'/'^f,g) = (27r)-'^ {a-{x,D)f,g) 

= (27r)-2^ (a,VF(?,/)) 

= (27r)-'^ {aox,W{gJ)) 
= iiaoxnx,D)f,g) 

where 

X=[-I ) eSp(ci,M). 

Comparing with (II. 9p . we conclude that the unitary operator cor- 
responding to X can be chosen as Uy. = (27r)~'^/^^. Since 1 = So, using 
Example 15.41 and (ll.lOp we may conclude 

WF{1) = WF{UJo) = xWF{6o) = (R"^ \ {0}) x {0}. 



27 

Example 5.6. Let u = 1 + 5o- By ^ Example 2.5] we have 
WF4l + 6o) = {0}x{R''\{0}), 
l^Fe(l + 5o) = (K'\{0})x{0}, 
W^e(l + 5o) = 0, 

and hence 

WFy{l + 5o) = {0} X (R'^ \ {0}) U {R' \ {0}) x {0}. 
For if G y{R'^) \ {0} we have 

and provided we choose (p such that ip{0) ^ and ^(0) ^ 0, it follows 
that 

(5.3) {0} X (R^ \ {0}) U (R^ \ {0}) X {0} C WF{1 + 5o). 

If a;o,^o ^ IR'^ satisfy Xq 7^ 0, 7^ 0, then for some C2 > Ci > 0, the 
open conic set 

r = {{x,0 e \ {(0,0)} : Cilel < < C^l^l} 
contains (a;o,^o)5 and we have for any > 
sup ((x,0)^|V;(l + 5o)(a:,OI< sup ((a;, 0)^ (|^(-0I + Iv^(-^)l) 

< sup ((x,0)^((0~^+(^)~^) 
{^,5)er 

< sup (x)^ ((x)-^ + (x)-^) < 00. 

This proves the inclusion opposite to f l5.3p . and it follows that 

WF{l + 6o) = WF,y{l + 6o). 

Example 5.7. Let d = 1, c G R and u{x) = e*'^^^/^, x G M. According 
to [21 Example 2.7] we have 

(5.4) I^F^(m) = WF^eiu) = (R \ {0}) x (M \ {0}). 
To compute WF{u), we first define the operator 

TJ{x)=e'^^''^f{x), fey{R). 

Then we have 

W{T,g, TJ){x, = W{g, f){x, ^-cx). 

Therefore, with 

X=(^l J ) GSp(l,M), 
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and a G ^'(M^), we have for f,g e ^(M) 

{T-'a^{x,D)TJ,g) = {27r)-' {a, W{T,g,T J)) 

= {27r)-''{aox,W{g,f)) 

= {{aoxnx,D)f,g). 

Upon comparison with f ll.9p it follows that the unitary operator 
corresponding to x can be chosen as f/^ = Tc. Finally it follows from 
ffTTU]) and Example ESI 

(5.5) WF{u) = WF{U^1) = xWF{l) = {{x,cx) : x eR \ {0}}. 

Comparing (I5.5I) with (15 ■4p we conclude that WF{u) gives finer infor- 
mation than WFy{u) for this example. 
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